We present a comprehensive study of the magnetization switching of a uniaxial nanoparticle driven by a circularly polarized magnetic field rotated in the plane perpendicular to the easy axis. The conditions for the existence of the uniform and non-uniform precessions of the nanoparticle magnetic moment are derived. In addition, the differences between switchings via uniform and non-uniform precession are determined, and the essential role of field polarization is demonstrated. The dependence of the switching time on the field amplitude and frequency are calculated numerically. We show that a permanent magnetic field can reduce the amplitude and frequency of the switching rotating field, and that the combined action of these fields is characterized by an extremely strong dependence of the switching time on the field parameters. We also demonstrate that the transition process caused by an external magnetic field pulse can decrease the switching amplitude in comparison with the value predicted from analysis of the stability criterion. We discuss the advantages of switching the magnetization by means of the action of a rotating field over the magnetization switching using a steady field applied perpendicular to the easy axis.
Introduction
Magnetic fine particles and their ordered ensembles are receiving intense attention due to a fundamental interest in nanomagnetism and also for practical applications. The scientific interest arises from novel behavior associated with magnetism at the nanoscale including giant magnetoresistance [1, 2] , quantum tunneling of magnetization [3, 4] and finite-size and surface effects [6, 5] . For applications their importance arises from the potential of nanoparticle arrays in producing new electronic devices such as ultra-high density storage medias [7] [8] [9] and gauges [10] .
The magnetization is a fundamental property of a ferromagnetic particle that depends on each spin of the crystal lattice and is defined by a mean value of the spin. When the exchange coupling between such spins is strong enough, the magnetization of each nanoparticle can be characterized by a magnetic moment vector μ with a constant magnitude. In this case the dynamics of μ is described by the model of coherent rotation [11, 12] . For particles with a uniaxial magnetic anisotropy the magnetic moment has two equilibrium states separated by a potential barrier. These two states can be used to represent a binary bit and the problem of controlled switching between them is central to recording information. In this connection, two parameters are important. Firstly there is the stability of μ relative to thermal fluctuations that determines the reliability of the storage devices. For non-interacting particles this was studied in [13] . The case of particles interacting by dipolar interactions was studied analytically (see, e.g. in [14] [15] [16] [17] ), numerically (see, e.g. in [18] [19] [20] [21] ), and experimentally (see, e.g. in [22] [23] [24] ). Secondly, there is the controlled switching of μ. For the best device performance the switching between two equilibrium states must be fast and have low power consumption. The nanoparticle magnetization reversal process is driven by the external magnetic field and its character depends on external field parameters such as direction, magnitude and duration of the field action.
The simplest type of external field for switching the nanoparticle magnetic moment is a permanent field H applied along the easy axis. The exact description of the magnetization dynamics under such a field action was given in [25] . Later it was shown that transitions between equilibrium states can occur for other types of fields. For instance, in [26] [27] [28] the switching under external field H ⊥ pulses applied perpendicular to the easy axis of the particle was considered. In particular it was shown that in this case the time needed for magnetization reversal is much smaller than for a longitudinal field H . The combined action of a permanent field, H , applied along the easy axis and a field, h(t), which is circularly polarized in the plane perpendicular to the easy axis, was studied in [29] . Here the value of the critical field H cr for switching is appreciably smaller in comparison with applying only the field H . This was confirmed by experiments on magnetization reversal of nanoparticles in the presence of a radio-frequency rotating field pulse [30] .
The idea of switching nanoparticle magnetization by a circularly polarized field h(t) was further developed in [31] [32] [33] . Based on the stability criteria, it was shown analytically [32] that such switching can occur only under the action of the field h(t) if the precession of magnetization becomes unstable for | h(t)| = h cr . However, loss of stability in some cases leads to transitions between uniform and non-uniform precession of the magnetization [34] without switching. Non-uniform precession consists of periodic oscillations of the precession angle, so-called nutations, and their presence indicates a fundamental change of the magnetization dynamics.
An original approach was proposed in [35] in which the main feature is the dependence of the external field shape on the current position of the nanoparticle magnetic moment. Within this framework the theoretical limits for the minimal amplitude of the switching field, and minimal switching time were obtained. It is difficult to realize this idea in practice however due to the complicated shape of the external field required.
It is important therefore to focus on switching parameters under the action of external fields that are straightforward to produce. As was shown in the aforementioned work and from our own investigations, using a circularly polarized field h(t) is very promising for the magnetization reversal process. Due to the presence of a non-uniform precession mode of μ, the magnetization switching is too complicated for an analytical solution and, as a first approach, it is appropriate to use computer modeling. The numerical results for the optimal characteristics of switching fields and switching times are presented here. The paper is organized as follows. In section 2 the model is considered and basic equations are given. Based on the stability criterion, the critical value for the switching field amplitude is derived analytically. In section 3 the results for comprehensive numerical studies of switching nanoparticle magnetization via a rotating magnetic field are performed. In particular, uniform and non-uniform modes of μ precession are delimited and parameters of switching, such as minimal amplitude and switching time are derived. In addition the effect of a pulsed external field is investigated. We summarize our finding in section 4.
Description of the model
The object of investigation is a uniaxial ferromagnetic nanoparticle that is characterized by the anisotropy field H a and the magnetic moment μ = μ(t) of fixed magnitude | μ| = μ. Such a particle is under the influence of a permanent magnetic field H , applied along the easy axis of magnetization (the z axis), and a circularly polarized magnetic field h(t), that is applied in the x y plane, i.e., H = H e z and h(t) = h cos(ωt) e x + σ h sin(ωt) e y .
Here e x , e y , and e z are the unit vectors along the corresponding axes of the Cartesian coordinate system x yz, h = | h(t)|, ω is the frequency of h(t), and σ = −1 or +1 correspond to clockwise (right polarization) or counterclockwise (left polarization) rotation of h(t), respectively (see figure 1) . The magnetic energy of a nanoparticle in such a field can be written in the form
where μ z = μ · e z is the z component of μ, and the dot denotes the scalar product. We designate the projection of μ on the z axis as positive for the 'up state' and negative for the 'down state'. In the absence of thermal fluctuation, the dynamics of the nanoparticle magnetic moment is described by the LandauLifshitz equation [36] 
Here γ ≈ 1.7609 × 10 11 rad s −1 T −1 is the gyromagnetic ratio, λ(>0) is the dimensionless damping parameter, the cross denotes the vector product, the dot over μ denotes the first derivative with respect to time, and
is the effective magnetic field acting on μ. Due to the spherical symmetry of the problem, and taking into account equations (1), (2), and (4), the Landau-Lifshitz equation (3) can be represented as a system of differential equations for angular coordinates of μ:
where φ = ϕ − σωt, with θ and ϕ being the polar and azimuthal angles of the vector μ respectively,H = H /H a , h = h/H a ,ω = ω/ω r , and ω r is a resonance frequency (ω r = γ H a ). For the uniform mode, equations (5) can be transformed [32] into the algebraic equatioñ
where κ =ω/(1 + λ 2 ). In the first-order approximation, the stability of the steady-state precession of the nanoparticle magnetic moment is defined by the stability of the stationary solution of the linearized system of equations corresponding to the system (5) with respect to small perturbations. From calculations performed in [32] it follows that a criterion of the asymptotic stability of the forced precession is given by the equation
with
If the condition β 0 holds, the uniform mode for the precession of μ is realized (see figure 1(a) ). The motion within such a mode is characterized by a fixed angle for the precession cone. In accordance with terms used in [34] , we call this type of motion the P-mode. In the opposite case (β < 0) two different situations are possible. One is the nanoparticle magnetization switching as predicted in [32] . This effect can be very interesting for the design of magnetic recording devices. The other is a non-uniform mode of the μ precession that is characterized by periodic changes of the angle of the precession cone (see figure 1(b) ). In accordance with terms used in [34] , we call this type of motion the Q-mode. It is important to point out, that switching or non-uniform mode generation occurs only when the directions of the external field rotation and natural precession of μ coincide.
Numerical study

Delimitation uniform and non-uniform modes
From a practical point of view it is necessary to study a whole range of parameters for the switching fields in order to select an optimal one. The starting point of this problem is the delimitation of non-uniform and uniform precession of the nanoparticle's magnetic moment. Let us consider the algebraical equation β = 0, where β is given by equation (7). This equation can have up to four real roots, and the largest one determines the maximal value of the precession angle for the uniform mode. In turn, using equation (6), one can find a critical amplitude of a circularly polarized fieldh cr , corresponding to the given field frequencyω. The significance ofh cr is the following: when the field amplitudeh, increasing in a quasistatic fashion, reaches the critical valueh cr , the magnetization dynamics changes mode. Figure 2 shows the results of the numerical solution of equations (5) and algebraic equation β = 0. Here and below the value of the dissipation parameter is λ = 0.2. The comparison of these results enables us to evaluate the validity of an analytical approach based on the stability criteria developed in [32] . It is also very useful to get a full conception of the types of motion and transitions between them. The solid black line in figure 2(a) shows, for sufficiently small field frequenciesω, the boundary between the up (region 1) and down (region 4) states of the magnetic moment μ. A transition between region 1 and 4 whenh =h cr is a transition between two P-modes, located in up and down states of the nanoparticle magnetic moment. So, in this caseh cr is a minimal amplitude of the switching field, corresponding to the given frequencyω.
When the field frequency approaches the resonance value, h cr denotes the start of the non-uniform or Q-mode. In figure 2 (a) such a transition is depicted by circular markers, and the Q-mode is represented by region 3. Region 2, or socalled intermediate P-mode, deserves special attention. Here the lineh cr =h cr (ω) represents a jump between two P-modes located in the up state of the magnetic moment and differing by the angle of the precession cone. Transitions between regions 1 and 2 are irreversible and region 2 disappears in the case of h decreasing in a quasistatic fashion. The numerical solution of equations (5) for the field amplitudes withh >h cr shows that the Q-mode can become unstable too and μ is switched into the P-mode located in the down state (see figure 2(a) ). The transition between regions 3 and 4 is depicted by square markers. So, switching through the non-uniform mode is observed.
The main disadvantage of switching magnetization via a rotating field is the high frequency (ω ∼ 1) and large amplitude (h ∼ 0.1) required. So, it is interesting to investigate the parameters when the circularly polarized fieldh(t) is applied in combination with a static fieldH , antiparallel to z axis. The results of the simulations forH = −0.99 are shown in figure 2(b) . In general, the nanoparticle magnetization demonstrates the same dynamics, but the amplitude and frequency of the switching field are significantly reduced in comparison with the previous case, whereH = 0. However, there are three important features. First, the switching of magnetic moment is possible for left polarization (σ = +1) of the field and for right polarization (σ = −1) as well. As is observed in figure 2(b) however, a smaller amplitude is required for switching the magnetization in the case of left polarization. Second, the region for the Q-mode is thinner than in the case ofH = 0 (see figure 2) . As shown below this last observation can set conditions for a different reaction to the turning on of an external field. The curvesh cr (ω) for the left and right polarizations of the external field coincide ath 0 whenω = 0. So,h 0 corresponds to the value of the permanent fieldH ⊥ = | H ⊥ |/H a perpendicular to the easy axis that switches μ as well. The final feature of the switching process caused by the combined action of h(t) and H that we would like to highlight concerns the direction of the μ rotation. The circularly polarized field can switch the nanoparticle magnetic moment only if the field rotation coincides with natural precession of the μ. At the same time, application of the field H leads to a precession of μ in the opposite direction. As far as the conditionH h holds, μ rotates in a clockwise direction during the switching process. The theoretical analysis, represented above, was based on the stability under small perturbations. Then in the numerical simulation we change the field amplitude in a quasistatic fashion. So, such an approach is suitable only if the field amplitude grows very slowly. But in a real write process, when the external field is turned on, its amplitude grows very fast. During such external action the magnetic moment evolves from an initial equilibrium state, that is characterized by a polar angle θ → 0 to the new equilibrium state that is characterized by a new angle θ > 0. It is accompanied with the oscillations of the angle θ similar to nutations, but with a damped amplitude. Such changes are also called transition processes. Since the amplitude of the oscillation can be considerable, it is expected that switching of the nanoparticle magnetization can occur for external field amplitudes different toh cr .
To confirm this, we simulated the magnetic moment response to the action of the field jump from zero to the defined value of amplitude. In figure 3 (a) the dependence of h cr (ω) and the curveh min (ω), calculated numerically for the switch on of the external field, are depicted. The parameter h min represents the minimal field amplitude for which the magnetization reversal is possible in the case of the field turning on. As we can see, when the Q-mode is absent, the switching field amplitudeh min is smaller than the theoretically predicted value ofh cr . In the opposite case however, when the Q-mode can be generated, the magnetization switching is possible only for field amplitudes corresponding to the transition between regions 3 and 4 (see figure 2) . So, the actual switching field amplitude is larger thanh cr . These results show again the importance of taking into account the non-uniform mode in order to choose optimal parameters for a switching field. The results for similar simulations whenH = −0.99, are shown in figure 3(b) . The main difference from the casẽ H = 0 is that due to the small thickness of the Q-mode region, the transition processes can overcome this region when the field frequencies are large enough. So, the switching of the magnetization occurs similarly to the case for smaller field frequencies where the Q-mode is absent. 
Switching time
Switching time is a parameter that ultimately determines the performance of recording media devices. When choosing the amplitude and frequency for the switching field it is necessary to take into account how fast the magnetization reversal of a nanoparticle will occur. The formal definition of switching time was given in [35] 
Depending on the value of the constant θ 0 , there are several interpretations for switching time. In [35] it was assumed that θ 0 = π in which case T sw is the exact time required to reach the down state. Such an assumption leads to a strong dependence of T sw on the precision of the calculations of the angle θ . In addition, the ground state of μ under the action of a rotating field does not coincide with the easy axis (see figure 1) . In [30] , T sw is the time required for the angle θ to first reach π/2, so θ 0 = π/2. Such an approach neglects the possibility of μ returning back, which is especially important for the non-uniform mode of precession. In our investigations we assume, that T sw is the time before the last crossing of the x y plane by the vector μ during the reversal process. Due to the difficulty of direct integration of equation (9), we find T sw numerically. It is clear that the switching time increases with decreasing h. Since the minimal amplitude of switching field decreases with frequency in the absence of the non-uniform mode (see figure 3) , the values of switching timeT sw corresponding to the minimal value of the rotating field amplitudeh min will increase withω (see figure 4(a) ). Here and below we use the reduced values of the timeT sw = T sw ω r /2π. The switching process through the non-uniform mode is characterized by very large values ofT sw and high sensitivity to the precision ofh. Whenh →h min ,T sw → ∞, which is confirmed by the fact (see figure 4(a) ) that the dimensionless switching timeT sw is determined only by the dimensionless waiting timeT w (T w = T w ω r /2π). Here the waiting time T w is the time during which μ dynamics is observed, or the maximal value of parameter t during the numerical solution of the equations (5). Since the establishment of the equilibrium time, in the case of nonuniform precession, is very sensitive to the field amplitude, the waiting timeT w is the main limiting parameter in the procedure to numerically obtainh min . As far as the value ofT sw is calculated using the numerical procedure to findh min , there are several flat curves in figure 4 . The value ofT w includes the time required for relaxation to the ground state after switching. This fact explains whyT sw <T w in that figure.
As shown above, the action of the permanent magnetic field along the easy axis leads to a reduction ofω and h for the switching field. It follows from [28] however that switching under the action of such a field, or so-called damping switching, is characterized by a very large switching time. Therefore the goal of achieving a smaller rotating field amplitude and frequency by combining it with a permanent fieldH , will be offset by a delay of the reversal process (see figure 4(b) ). The behavior ofT sw (ω) corresponding tõ h min is similar to the case ofH = 0. The difference is a sharp decrease of the switching times for large frequencies, as a result of overcoming the non-uniform mode during the transition process. The non-coincidence of the curves for large frequencies is explained by the high sensitivity ofT sw to the precision ofh and differences in waiting times.
A rotating field with right polarization can also produce switching in the presence ofH , but the minimal field amplitude must be larger than for the left polarized field (see figure 2) . This condition leads to a decrease of switching times in comparison with the left polarized case, see figure 5 . We want to emphasize however, that this situation is caused by different field amplitudes and, as we will show below, for equal amplitudes the left polarized field produces faster switching in comparison with the right polarized one.
When the conditionh >h min for the rotating field amplitude holds, it is reasonable to expect a significant decrease of theT sw . In fact, under certain circumstances, the switching time, contrary to expectations, can grow up to infinity (see figure 6 ). This can be explained as follows. The magnetic moment μ of the nanoparticle under the action of an external field is in a double-well potential. The energy of the μ has two minima: local with energy W l and global with energy W g . Let us assume that for t = 0 the condition μ = e z | μ| (or θ = 0) holds. The magnetization reversal process is the transition of μ from the initial state to the global minimum, characterized by the angle θ g (>π/2). During this process the magnetic moment can be captured by the local minimum, characterized by the angle θ l (<π/2). If the values of energies W l and W g are very close, it takes a long time for μ to leave the local minimum in favor of the global one. So, the switching time can reach huge values. We emphasize that this is a purely dynamical effect caused by turning on the external field and is not detected with quasistatic changes of the field amplitude. ForH = 0 this effect takes place for smallω and largeh, whereas in theH = −0.99 case it is within the appropriate range of valuesω andh. So, the combined action of rotating and permanent external fields is characterized by an extremely strong dependence of switching time on the field parameters.
Switching time under pulsed field action
In a real writing process the action of external fields has a restricted duration, and the shapes of the field pulse can be different. The switching behavior of μ is defined by the length and shape of the pulse (see [37] ). Since the pulse duration is determinative, we consider the simplest shape of the field pulse, i.e., the square one. For the best performance of media devices the pulse length has to be defined by the switching time. In turn, changing the length of the pulse can influence the switching time directly. During the transition processes, the sign of the projection of μ on the z axis can change several times. And if the external field will be turned off after the first crossing of the x y plane by the vector μ, due to uniaxial anisotropy, the nanoparticle magnetic moment will stay in the down state. We designate the value of the rotating field amplitude, which corresponds to the minimal one in the case of a pulsed field, ash p min . Since the conditioñ h p min <h min can hold for some frequencies (see figure 7(a) ), it is possible to reduce the minimal switching field amplitude in comparison with the case of the field turning on. As follows from figure 7(a), it is the normal situation for the nonuniform mode, when the amplitude of nutation can be rather large and the sign of the projection of μ projection on the z axis changes periodically. This provides the possibility of switching the nanoparticle magnetization despite the presence of the Q-mode. A similar idea was proposed in [27] within the approximation of a non-damped particle under the action of an external field H ⊥ perpendicular to the easy axis of particle. On the other hand if the external rotating field is turned off, when the μ projection on the z axis is positive, the vector μ will stay in the initial, or up, state. Thus, in order to ensure a sufficient level of reliability of writing in a media device, it is necessary to be very careful when using this effect for the writing process.
The dependence of the switching time on the reduced frequency for the case of the field turning off, when μ crosses the x y plane, is depicted in figure 7(b) . There are four regions in the figure that are distinguished by the different by the different transition processes character. Here region 2 deserves special attention, because it corresponds to the minimal switching time, and also the minimal field amplitude.
It is expected that if the field amplitude is larger than the minimal one (h >h p min ), the duration of the pulse can be smaller. Figure 8(a) shows the dependencies of the switching time on the field amplitude for a fixed frequency and pulse lengthT p . Here we can see that the switching of the nanoparticle magnetization occurs for pulse lengths of (1) the region, corresponding to the switching through the P-mode, (2) the region, corresponding to the switching through the Q-mode with minimal switching times, (3) the region, corresponding to the switching through the Q-mode with maximal switching times, (4) the region, corresponding to the switching through the Q-mode with switching times weakly dependent on frequency.
several resonant periods only. From this figure the influence of the pulse length onT sw is also clear. As expected, the switching time decreases with increasing field amplitude, but in addition breaks and gaps are observed. The presence of breaks is related to the crossing by the vector μ of the x y plane an odd number of times during the action of the field pulse. In turn, gaps take place, when μ crosses the x y plane an even number of times. In other words, even though in the equilibrium state, corresponding to the defined field amplitudẽ h, the projection of magnetic moment μ on z axis is positive, during the establishment of equilibrium due to oscillations, the projection of the magnetic moment μ on the z axis can become negative. If we turn off the field when the projection is negative than the switching is completed. The reverse situation is also possible.
The same dependencies for the case ofH = −0.99 are depicted in figure 8(b) . Here fieldH was kept constant in time during the simulation. As expected from the previous results, the switching time in this case is larger by two orders of magnitude than forH = 0. The next feature of the switching process is the inequalityT sw <T p for smallh. This means that the rotating field acts as a small perturbation, that moves μ from the equilibrium state (up state), and then the assistant fieldH leads μ to another equilibrium state (down state). IncreasingT p leads only to decreasing minimal amplitudeh of the circularly polarized switching field. The absence of breaks and gaps, as in the previous case, is explained by a single crossing of the x y plane by μ during the reversal process.
The advantages of using a circularly polarized field over a permanent one H ⊥ perpendicular to the easy axis of the particle were revealed for the case of changes of the field amplitude in a quasistatic fashion (see figure 2(b) ). It was shown there, that in the presence of a permanent field directed along the easy axis, rotating in a counterclockwise direction produces switching of the nanoparticle magnetization for smaller amplitudes in comparison with the field rotating in a clockwise direction. The field H ⊥ corresponds to the rotating one with zero frequency and, as follows from figure 2(b), such a permanent switching field has a larger magnitude than the left polarized one. In figure 9 the results of numerical simulations for pulsed fields H ⊥ and h(t) are depicted. Here the frequency and the pulse lengthT p are fixed, and the switching time is determined as a function of the field magnitude. When the conditioñ H = 0 holds, the pulsed action of the rotating field provides smaller switching times for largeh in comparison with the case of a simple turning on of the field. It occurs because the end of the pulse does not let the vector μ cross the x y plane a second time. Also, following from the presented results we find considerably better switching parameters of the circularly polarized field pulse in comparison with a pulse of the permanent fieldH ⊥ .
The case of the pulsed action of the field h(t), assisted by the permanent fieldH = −0.99, is more complicated (see figure 9(b) ). Here the advantages of the pulsed action exist only for a fixed interval of the field amplitudesh 1 <h < h 2 (see figure 9(b) ). Finally, a circularly polarized field is characterized by smaller switching times and magnitudes in comparison with the action of the permanent fieldH ⊥ , when the conditionh h 3 holds. Ifh >h 3 , the switching time for the rotating field exceedsT sw for the fieldH ⊥ , but the difference between them is not too large. For comparison, in figure 9(b) the dependencies for right polarized field are depicted. As we can see, its switching characteristics are worse. So, as a result, a circularly polarized field with left polarization is more appropriative for magnetization switching.
Conclusions
The magnetization switching of a ferromagnetic uniaxial nanoparticle under the combined action of a circularly polarized field and a static one directed along the easy axis was studied in a coherent rotation approximation. Within this framework it was shown numerically, that the switching or generation of the non-uniform mode occurs when the precession of the nanoparticle magnetic moment becomes unstable. The conditions for the existence of uniform and non-uniform precession of the nanoparticle magnetic moment were revealed. Switching through the non-uniform mode of precession was observed, but the switching time in this case can be very large, up to infinity. It was shown that the application of an external permanent field along the easy axis of the particle leads to a reduction of the values of the rotating field frequency and amplitude for the switching, but also increases the switching time. In addition, it was demonstrated that the assistance of such a permanent field permits the reversal of the nanoparticle magnetization by a field polarized in the direction opposite to the natural precession. In this case however switching parameters are poor in comparison with the action of a switching field rotating in the natural precession direction.
It was confirmed that transition processes, which occur during the turning on of the rotating field, can reduce the switching field amplitude in comparison with that predicted analytically.
For the case of an assistant permanent field applied along the easy axis, such transition processes can overcome the non-uniform mode for fixed values of frequencies. Also the switching time under the action of a pulsed field was studied. It was shown that the pulse field can decrease the switching time and field amplitude in comparison with the permanent external field. Depending on pulse duration, the nanoparticle magnetic moment can cross the x y plane an even or odd number of times, but the switching effect takes place for the latter case only. Therefore there are rigid requirements of the pulse length to provide a satisfactory level of reliability in the writing process.
Finally, it was shown, that the amplitude of the field, rotating in the direction of natural precession, and switching time, are smaller in comparison with the case of a permanent field perpendicular to the easy axis of the particle. This confirms that the field circularly polarized in the plane perpendicular to the easy axis is more appropriative for the magnetization switching than the permanent one.
